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Abstract. We construct all finite irreducible modules over Lie conformal su- 
peralgebras of type K 



1. Introduction 

Lie conformal superalgebras encode the singular part of the operator product 
expansion of chiral fields in two-dimensional quantum field theory [6] . 

A complete classification of (linear) finite simple Lie conformal superalgebras was 
obtained in [5]. The list consists of current Lie conformal superalgebras Curg, where 
g is a simple finite-dimensional Lie superalgebra, four series of "Virasoro like" Lie 
conformal superalgebras W„(n > 0), Snfi and S'„(n > 2 , & G C), Kn{n > 0, n ^ 4), 
K'^, and the exceptional Lie conformal superalgebra CKq. 

All finite irreducible representations of the simple conformal superalgebras Cur g, 
= Vir and Ki were constructed in [2], and those of 5*2,0: Wi — K2, K3, and K4 in 
[3] . More recently, the problem has been solved for all Lie conformal superalgebras 
from the three series W„, S'n,b, and Sn [1]. 

The construction in all cases relies on the observation that the representation 
theory of a Lie conformal superalgebra R is controlled by the representation theory 
of the associated (extended) annihilation algebra g — (Liei?)+ [2], thereby reducing 
the problem to the construction of continuous irreducible modules with discrete 
topology over the linearly compact superalgebra g. 

The construction of the latter modules consists of two parts. First one constructs 
a collection of continuous g-modules Ind(F), associated to all finite-dimensional 
irreducible go-modules F, where go is a certain subalgebra of g (= gl(l|n) or s[(l|n) 
for the W and S series, and = cso„ for the Kn series). 

The irreducible g-modules Ind(i^) are called non-degenerate, and the second part 
of the problem consists of two parts: (A) classify the go-modules F, for which the 
g-modules Ind(F) are non-degenerate, and (B) construct explicitly the irreducible 
quotients of Ind(i^), called degenerate g-modules, for reducible Ind(i^). 

Both problems have been solved for types W and S in [1], and it turned out, 
remarkably, that all degenerate modules occur as cokernels of the super de Rham 
complex, or their duals. 

In the present paper we solve the problem for the Lie conformal superalgebras 
Kn with n > 4 (recall that for < n < 4 the problem has been solved in [2] and 
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[3], though hi [3] the construction for n = 3 and 4 is not very exphcit). First, 
we construct the g-modules Ind(F) (Theorem 4.1). Second, we find all F, for 
which Ind(-F) is reducible, and, furthermore, find all singular vectors (Theorem 5.1). 
Finally, in Section 6 we construct a contact complex, which is a certain reduction 
of the de Rham complex, and show (using Theorem 5.1) that the cokernels in the 
contact complex and their duals produce all degenerate g-niodules (Corollary 6.6). 
As a result, we obtain an explicit construction of all finite irreducible i^„-modules 
for n > 4 (Theorem 7.1). 

We should mention that the construction of our (super) contact complex mimics 
the beautiful Rumin's construction [10] for ordinary (non-super) contact manifolds. 

The remaining cases, namely, the representation theory of K'^ (the derived alge- 
bra of K/^) and of the exceptional Lie conformal superalgebra CKq, and the explicit 
construction of degenerate modules for K3 , will be worked out in a subsequent pub- 
lication. 

2. Formal distributions. Lie conformal superalgebras and their 

MODULES 

In this section we introduce the basic definitions and notations in order to have a 
self-contained work, see O lU [U |3] . Let g be a Lie superalgebra. A g- valued formal 
distribution in one indeterminate z is a formal power series 

a(^) = ^ anZ~"~\ On e fl- 

nGZ 

The vector superspace of all formal distributions, g[[z, has a natural structure 

of a C[9z]-module. We define 

HeSz a{z) — flQ. 

Let a(z),6(z) be two g-valued formal distributions. They are called local if 

(z-w)^[a(z),6(w)] =0 for N » 0. 

Let g be a Lie superalgebra, a family J- of g-valued formal distributions is called 
a local family if all pairs of formal distributions from T are local. Then, the pair 
(g, T) is called a formal distribution Lie superalgebra if is a local family of g-valued 
formal distributions and g is spanned by the coefiicients of all formal distributions 
in J-. We define the formal 6 -function by 

Then it is easy to show (jgj. Corollary 2.2)), that two local formal distributions are 
local if and only if the bracket can be represented as a finite sum of the form 

[a{z),b{w)] = ^[a(z)Q-) &(«;)] di,S{z - w)/j\, 
3 

where [a{z) (^j^b{w)] = lieSz{z — wy [a{z),b{w)]. This is called the operator product 
expansion. Then we obtain a family of operations („), n £ on the space of 
formal distributions. By taking the generating series of these operations, we define 
the A-bracket: 
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The properties of the A-bracket motivate the following definition: 

Definition 2.1. A Lie conformal superalgebra i? is a left Z/2Z-graded C[9]-module 
endowed with a C-linear map — > C[X]®R, ag)6 a\b, called the A-bracket, 
and satisfying the following axioms (a, 6, c G i?), 

Conformal sesquilinearity [da\b] — —X[a\b], [a\db] = (A + d)[a\b], 

Skew-symmetry [axb] = [6_a-9 a], 

Jacobi identity [axM - [[axb]x+f,c] + (-l)P('^)p('')[fe^[aAc]]. 

Here and further p{a) G Z/2Z is the parity of a. 

A Lie conformal superalgebra is called finite if it has finite rank as a C[9]- 
module. The notions of homomorphism, ideal and subalgebras of a Lie conformal 
superalgebra are defined in the usual way. A Lie conformal superalgebra R is simple 
if [R\R] ^ and contains no ideals except for zero and itself. 

Definition 2.2. A module M over a Lie conformal superalgebra i? is a Z/2Z- graded 
C[9]-module endowed with a C-linear map R® M — > C[A] ® M, a (g) w i— > a\v, 
satisfying the following axioms (a, 6 G i?), v G M, 

(M1)a (9a)f w = af ]w = -Aaf 

(M2), [af,bf:^]v^[a,b]f^^v. 

An i?- module M is called finite if it is finitely generated over C[9]. An i?-niodule 
M is called irreducible if it contains no non-trivial submodule, where the notion of 
submodule is the usual one. 



Given a formal distribution Lie superalgebra (fl,-^) denote by T the minimal 
subspace of ^[[z, 2~^]] which contains and is closed under all j-th products and 
invariant under dz- Due to Dong's lemma 6 , we know that is a local family as 
well. Then Conf(g, J^) :— T is the Lie conformal superalgebra associated to the 
formal distribution Lie superalgebra (g,-F). 

In order to give the (more or less) reverse functorial construction, we need the 
following: let R = R\t, t^^\ with d = d + dt and define the bracket [6]: 

[at-,btn= E ( 7 ) [«.^]^"'"""'- (2-1) 

Observe that dR is an ideal of R with respect to this bracket. Now, consider 
Algi? = R/dR with this bracket and let 

7^ = {^(at")0-"-i = aSit -z) / aeR}. 

nGZ 

Then (Algi?, TZ) is a formal distribution Lie superalgebra. Note that Alg is a func- 
tor from the category of Lie conformal superalgebras to the category of formal 
distribution Lie superalgebras. On has [6]: 



Conf(Algi?) = R, Alg(Conf(0, J-)) = (AlgJ", J"). 
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Note also that (Algi?, TV) is the maximal formal distribution superalgebra associ- 
ated to the conformal superalgebra R, in the sense that all formal distribution Lie 
superalgebras (fl,^) with Conf(g, J^) = R are quotients of {A\gR,TZ) by irregular 
ideals (that is, an ideal I in g with no non-zero b(z) G TZ such that 6„ G /). Such 
formal distribution Lie superalgebras are called equivalent. 

We thus have an equivalence of categories of Lie conformal superalgebras and 
equivalence classes of formal distribution Lie superalgebras. So the study of formal 
distribution Lie superalgebras reduces to the study of Lie conformal superalgebras. 

An important tool for the study of Lie conformal superalgebras and their modules 
is the (extended) annihilation superalgebra. The annihilation superalgebra of a Lie 
conformal superalgebra R is the subalgebra A{R) (also denoted by Algi?+) of the 
Lie superalgebra Algi? spanned by all elements at"", where a € R,n G Z+. It is 
clear from (|2.ip that this is a subalgebra, which is invariant with respect to the 
derivation d — —dt of Algi?. The extended annihilation superalgebra is defined as 

A{Ry = (Algi?)+ := Cd K (A\gR) + . 

Introducing the generating series 

aA= ^(ai^), aei?, (2.2) 

we obtain from (12.11) : 

[ax,bf_,] ^ [axb]x+^, d{ax) ^ ida)x ^ -Xax- (2.3) 

Formula (12. 3p implies the following important proposition relating modules over 
a Lie conformal superalgebra R to certain modules over the corresponding extended 
annihilation superalgebra (Algi?) + . 

Proposition 2.3. [2 A module over a Lie conformal superalgebra R is the same 
as a module over the Lie superalgebra (Algi?)^ satisfying the property 

axm e C[A] (g) M for any a e R,m £ M. (2.4) 

(One just views the action of the generating series ax of (Algi?)"*" as the X-action 
of a e R). 

The problem of classifying modules over a Lie conformal superalgebra R is thus 
reduced to the problem of classifying a class of modules over the Lie superalgebra 
(Algi?)+. 

Let g be a Lie superalgebra satisfying the following three conditions (cf. [3], 
p.911): 

(LI) Q is Z-graded of finite depth d G N, i.e. g = ®j>-dQj and [0i,0j] C Qi+j- 
(L2) There exists a semisimple element z S go such that its centralizer in q is 
contained in go- 

(L3) There exists an element d £ Q^d such that [d,gi\ = gi-d, for i > 0. 

Some examples of Lie superalgebras satisfying (L1)-(L3) are provided by anni- 
hilation superalgebras of Lie conformal superalgebras. 

If Q is the annihilation superalgebra of a Lie conformal superalgebra, then the 
modules V over g that correspond to finite modules over the corresponding Lie 
conformal superalgebra satisfy the following conditions: 

(1) For SiWv £V there exists an integer jo > ~d such that QjV — 0, for all j > jo- 
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(2) V is finitely generated over C[d]. 
Motivated by this, the g-modules satisfying these two properties are called finite 
conformal modules. 

We have a triangular decomposition 

= fl<o ffi 00 © 0>o, with g<o = ®j<oQj, g>o = ©i>o0j- (2.5) 

Let g>o = (Bj>oQj- Given a g>o-niodule F, we may consider the associated induced 
0-module 

Ind(i^) = Ind^^„ F = U{q) ®c/(b>o) 
called the generalized Verma module associated to F. We shall identify Ind(i^) with 
f^(0<o) ® F via the PBW theorem. 

Let V be an g-module. The elements of the subspace 

Sing(F) {v e V\3>ov = 0} 

are called singular vectors. For us the most important case is when V = Ind(-F). 
The g>o-module F is canonically an 0>o-submodule of Ind(i^), and Sing(i^) is a 
subspace of Sing(Ind(i<")), called the subspace of trivial singular vectors. Observe 
that Ind(F) = F(BF+, where F+ — U+{q<o) ^ F and U'+(g<o) is the augmentation 
ideal of the algebra U{q^o). Then non-zero elements of the space 

Sing+(Ind(i^)) Sing(Ind(i^)) n F+ 

are called non-trivial singular vectors. The following key result will be used in the 
rest of the paper, see [7l[3]- 

Theorem 2.4. Let q be a Lie superalgebra that satisfies (L1)-(L3). 

(a) If F is an irreducible finite- dimensional Q>o-module, then the subalgebra g>o 
acts trivially on F and Ind(-F') has a unique maximal submodule. 

(b) Denote by Ir(F) the quotient by the unique maximal submodule of\ad{F). 
Then the map F i— > Ir(-F) defines a bijective correspondence between irreducible 
finite- dimensional QQ-modules and irreducible finite conformal Q-modules. 

(c) A Q-module Ind(i^) is irreducible if and only if the QQ-module F is irreducible 
and Ind(i^) has no non-trivial .singular vectors. 

In the following section we will describe the Lie conformal superalgebra Kn and 
its annihilation superalgebra K{l,n)+. In the remaining sections we shall study the 
induced -ftr(l, n)+-modules and its singular vectors in order to apply Theorem 12.41 
to get the classification of irreducible finite modules over the Lie conformal algebra 



3. Lie conformal algebra Kn and annihilation Lie algebra K{l,n)+ 

Let A(n) be the Grassmann superalgebra in the n odd indeterminates fi, ^2, • • ■ , 
Let t be an even indeterminate, A(l, n) = <C[t, t~^] (E> A(n), and consider the super- 
algebra of derivations of the superalgebra A(l,ri): 

n 

W{1, n) = {adt + a^^^\a, a, G A(l, n)}, (3.1) 
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where di — and 9( = ^. The contact superalgebra K{l,n) is the subalgebra of 
W{l,n) defined by 

K{1, n) {D e W{1, n) \ Duj = foLJ, for some fo e A(l, n)}, (3.2) 

where uj = dt — X)r=i ^i'^Ci is the standard contact form, and the action of D on uj 
is the usual action of vector fields on differential forms. 

The space A(l,n) can be identified with the Lie superalgebra K{l,n) via the 
map 



/ ^ 2fdt + i-ir^f^ Yl + ^'/j + 

the corresponding Lie bracket for elements f^g^ A(l,?i) being 

[f,g] = (2/ -J2M){dt9) - {dtDhg - J^e^^.s) + (-1)^^^^ 5](9J)(9.<7). 

The Lie superalgebra K{l,n) is a formal distribution Lie superalgebra with the 
following family of mutually local formal distributions 

a{z) = ^(at-')z"-'^\ for a = . . . 6^ & A(n). 

The associated Lie conformal superalgebra Kn is identified with 

K„ = C[d](g)A{n), (3.3) 
the A- bracket for / = . . . ^i,,, .g = . . . being as follows [5]: 



[/a5] 



({r-2)d{fg) + {-lYj2(dJ){d.g))+X(r + s-4)fg. (3.4) 

The Lie conformal superalgebra Kn has rank 2" over C[i9]. It is simple for n > 
0,n ^ 4, and the derived algebra if 4 is simple and has codimcnsion 1 in K4. 
The annihilation superalgebra is 

A{K„) = K{l,n)+ = A(l, n)+ := C[t] (g) A(n), (3.5) 

and the extended annihilation superalgebra is 

AiKnT = K{l,n)+ = Ca X K{l,n)+, 

where d acts on it as — ad9t. Note that AiKnY is isomorphic to the direct sum of 

A{Kn) and the trivial 1-dimensional Lie algebra C{d + -). 

The Lie superalgebra K{l,n) is Z- graded by putting 

deg(r6i-.-6J = 2™ + fc-2, 

and it induces a gradation on K{l,n)^ making it a Z-graded Lie superalgebra of 
depth 2: K{l,n)+ — ©j>_2(if (1, n)+)j. It is easy to check that K{l,n)+ satisfies 
conditions (L1)-(L3). 

Observe that K{l,n)+ is the subalgebra of 

n 

W{1, n)+ = {adt + a^^^\a, a, € A(l, n)+}, (3.6) 

i=l 

defined by fcf.dO)) 

K{l,n)+ := {D e W{l,n)+ \ Duj ^ fouj, for some fo e A(l,n)+}. (3.7) 
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4. Induced modules 



Using Theorem I2.4[ the classification of finite irreducible i4r„-modules can be 
reduced to the study of induced modules for K{l,n)+. Observe that 

(if(l,n)+)_2 =<{!}>, 

(A'(l,n)+)_i =< : l<^<n}> (4.1) 
(i^(l,n)+)o=<{OU{60 : l<i<J<n}> 
We shall use the following notation for the basis elements of {K{l,n)+)o: 

Eoo^t, F,j=-i,£,j. (4.2) 

Observe that {K{l,n)+)Q ~ C£^oo (B ao{'n) ~ cso(n). Take 

d:=-\l (4.3) 

as the element that satisfies (L3) in section O 

For the rest of this work, g will be if(l,n)+. Let F be a finite-dimensional 
irreducible go-module, which we extend to a g>o-module by letting Qj with j > 
acting trivially. Then we shall identify, as above 

Ind(i^) ~ A(l, n)®F €[d] ® A{n) (g) F (4.4) 

as C- vector spaces. In order to describe the action of q in Ind(F) we introduce the 
following notation: 



I/I 



^di,...di^^i if L = Oi,...,ZJ, (4.5) 

^dL^i if /-a, 

if / = . . . ^-^ . 



In the following theorem, we describe the g-action on Ind(i^) using the A-action 
notation in (|2.2I) . i.e. 

for /, g e A(n) and w G F. 

Theorem 4.1. For any monomials f,g G A(?i) andv G F, where F is a go-module, 
we have the following formula for the X-action of g ~ K{l,n)^ on Ind(F).' 

fxig^v) = 



(_1)P(/)(|/| _ 2)d{dfg) ^v + J2 ^i9d) {i^9) ® V + (-l)P(^) 9i9rOJ)9 ® FrsV 

i=l r<s 
n 



X\^l)PU)YQ^i^d,d,g)®F,,v. 



i<j 
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The proof of this theorem will be done through several lemmas. Since this is 
quite technical, we have moved the proof into Appendix A. 

In the last part of this section we shall prove an easier formula for the A-action in 
the induced module. This is done by taking the Hodge dual of the basis (cf. pp. 
922 and observe the difference). More precisely, for a monomial ^/ G A(n), we let 
^7 be its Hodge dual, i.e. the unique monomial in A(n) such that ^/^/ = • • - ^n- 

Lemma 4.2. For any monomials elements f ~ ii,g = ^l, we have 

9/(5) = (-1) ' +'-^"^'/<7, 

e^ = -(-i)i^ia.5, 

^=-(-l)"9.g. 

Proof. The proof is left to the reader. □ 
The following theorem translates Theorem 14. II in terms of the Hodge dual basis. 



Theorem 4.3. Let F be a Qq — cso{n) -module. Then the X-action of K{l,n)-^- in 
Ind(i^) = C[d](i?)A{n)(x)F, given by Theorem \4. 1\ is equivalent to the following one: 

/a(<7®«) = (-1)^^ + 1^11^! X 

X I (I/I - 2)d{fg) ® V - i-ir^f^ Y.^dJ){d,g) ® v ~ Y.^drdJ)g ® F^^v 

n 

+ X fg® Eoov - (-l)f(^') J2 Hf^^a) ® V + (-l)f(/) E(a,/)e,5 ® F^jV 



i<j J 

Proof. By simple computations, using Lemma 14.21 it is easy to obtain the A-action 
in the Hodge dual basis. That is, let T be the vector space automorphism of Ind(i^) 
given by T{g (g) w) ='g (g)v, then the theorem gives the formula for the composition 
T o ( fx •) o T~-^. For example, in order to "dualize" the second term in the A-action 
in Theorem 14. 11 we write d^g.f^^ig in terms of / and g, as follows: 

W^^(-l)^^-^-(l^'l-)l^l i0.fWg 

obtaining the second summand in the formula, given by the theorem. By similar 
computations the proof follows. □ 

5. Singular vectors 



By Theorem 12.41 the classification of irreducible finite modules over the Lie 
conformal superalgebra Kn reduces to the study of singular vectors in the induced 
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modules Ind(-F), where F is an irreducible finite-dimensional cso(7i)-module. This 
section will be devoted to the classification of singular vectors. 

When we discuss the highest weight of vectors and singular vectors, we al- 
ways mean with respect to the upper Borel subalgebra in K{l,n)^ generated by 
{K(l,n)jj-)yQ and the elements of the Borel subalgebra of so(n) in {K{l,n)^-)Q. 
More precisely, recaU (|4.2|) . where we defined = G {K{l,n)+)o ~ CEqo © 

so(n). Observe that Fij corresponds to Eij — Eji e so(n), where Eij are the ele- 
ments of the standard basis of matrices. Consider the following (standard) notation 
(cf. [H],p.83): 

Case g = so (2m + 1, C): Here we take 

Hj F2J-1.2J, l<j<m, (5.1) 
a basis of a Cartan subalgebra f). Let Ej € [)* be given by £j{Hk) = 5jk- Let 

be the set of roots. The root space decomposition is 

= f)©^0Q, with 0a = Ci^a 

where, for 1 <l < j < m and 1 < fc < m, 



Eei-e, 


— F2I- 


-l,2j-l - 


^ F2iaj + i{F2l- 




- -P2;,2i- 


-1), 


Eei+ej 


= F2I- 


-l,2j-l - 


- F2l.2j — i{F2l- 




+ F2l.2j- 


-1), 




= F2I- 


-l,2j-l - 


^ F2l.2j — i{F2l- 




- F2l,2j- 


-1), 




= F2I- 


-l,2j-l - 


- F2l^2j + i{F2l- 


-l:2j 


+ F2l.2j- 


-1), 




— F2k- 


-l,2m+l 


T iF2k,2rn+l- 









Let n = {ei - £2, ■ ■ • ,£m-i - £rn,£m} and A+ = {£i±ej \ i <j}U {sk}, be the 
simple and positive roots respectively. Consider 

aij := -F2;_i,2j-1 -iF2L2j-l = -(i^£,-ej + E^^+e,) 

Plj ■= F2i^2j + iF2l-l,2j = -^{Eei-ej ^ -E^ei+ej) (5-3) 

7fe ■■=E,,. 

Then, 

^so(2m+i) =< {aij,f3ij,'yk I l<i<j<TO, l<fc<m}>. (5.4) 

Case ~ so (2m, C): Here we take 

Hj = i F2j^i,2j, I < j <m, 
a basis of a Cartan subalgebra f), as with so (2m +1). In this case 

A = {±£,±e, \ 

is the set of roots. Let H = {ei — e2,---,em-i — £m,£m-i + ^m} and A+ = 
{si ± Ej \ i < j}, he the simple and positive roots respectively. Then, 

^so(2m) =< I 1 < « < j < m} > . (5.5) 
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In order to write explicitly weights for vectors in n)+-modules, we will 
consider the basis for the Cartan subalgebra f) in {K{l,n)+)o ~ C-Bqo © so(n), 
introduce above: 

Eoo;Hi,. . . ,Hm,m= [n/2], 

and we shall write the weight of an eigenvector for the Cartan subalgebra f) as an 
m + 1-tuple for the corresponding eigenvalues of this basis: 

M = (Mo;/"i>---,Mm)- (5.6) 



Observe that a vector m in the n)4--module Ind(F) is a singular highest 
weight vector if and only if the following conditions are satisfied 

(51) ^(/Am)=Oforall/G A(n), 

(52) A {f^ni)\^^o = for all / = ^ with \I\ > 1, 

(53) (/ A to)U=o = for all / = ^ with |/| > 3 or / e 

In order to classify the finite irreducible _ftr„-modulcs we should solve the equa- 
tions (Sl-3) to obtain the singular vectors. The next theorem is the main result of 
this section and gives us the complete classification of singular vectors: 

Theorem 5.1. Let F be an irreducible finite- dimensional cso{n)-module with high- 
est weight fj,. 

If n > 4, then m G Ind(i^) is a non-trivial singular highest weight vector if and 
only if m is one of the following vectors (in the Hodge dual basis): 

(a) m = (^{2}= ~*C{i}<=) ^^iJ.) where v^ is a highest weight vector of the cso(n)- 
module F and n = {—k; k,0, . . . , 0), with k G Z>o, 



(b) m = J2 



1=1 '- 



{£{21}'= +i£{2i-i}c) (8> + {£{21}'= -i£{2i-i}'=) 

~ "^nOdd *^{2m+l}<= ® Wm+1, 



where wi =Vfj_is a highest weight vector of the cso{n) -module F with highest 
weight 

11= (n + A; — 2; fc, 0, . . . , 0), for k G Z>o, 
and all wi , Wi are non-zero and uniquely determined by . 

If n = 3, then rh G Ind(F) is a non-trivial singular highest weight vector if and 
only if m is one of the following vectors: 

(a) m = {£,{2}" —i£{i}'=) ^Vfj,, where is a highest weight vector of the cso(3)- 
module V and ii = (— fc; k), with k G ^'^>o, 

(b) m= {£{2}c +i£{i}c) iSiv^t-\- {£{2}c -i£{i}c) <Siwi - i£{3}c <S: W2, 
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where is a highest weight vector of the cso{3) -module F with highest 
weight 

fi — (k + I; k) , for k G 2^-" '^'^'^ ^ ^ 2' 
and all wi,W2 are non-zero and uniquely determined by Vp,. 

(c) rh = d (C* «) w^) + i ^{i,2}<= 2^{2,3}<= ® ^2.31'^ + 2 ^{i,3}<= ® Fi,3Vt^, 

where is a highest weight vector of the cso{3) -module F with highest 
weight jjL = (|; i). 

The proof of this theorem wiU be done through several leniinas. Since this is 
quite technical, we have moved the proof into appendix B. 

Remark 5.2. (a) The explicit expression of all non-zero vectors wi,wi in terms of 
Vf^ that appear in the second family of singular vectors for all n > 3, are written in 

mm . mm . mm . and m^ . 

(b) If n=4, the first family of singular vectors m — {£,{2}'' — i^{i}<:) ($> v^^ where 

is a highest weight vector of the cso(4)-module F and /i — (— fc; fc, 0), with k G Z>o, 
corresponds to the family of singular vectors 62 in Proposition 7.2(i) in j^. Finally, 
the second family of singular vectors in Theorem 15. 1( b). correspond to the family 
of singular vectors 65 in Proposition 7.2(ii) in [3]. 

(c) If n=3, the singular vectors in the cases (a), (b) and (c) described in the pre- 
vious theorem, correspond to the vectors 02, 04 and ag in Proposition 5.1 in [3], 
respectively. Observe that the families (a) and (b) described for n > 4 correspond 
to the families (a) and (b) for 71 = 3, but in the latter case the parameter k is one 
half a positive integer. Observe that the missing case {k -\- l]k) with fc = i in the 
family (b) is completed by the case (c). 



6. Modules of differential forms, the contact complex and 
irreducible induced /^(l, n) + -modules 

Let us recall some standard notation from . In order to define the differential 
forms one considers an odd variable dt and even variables d^i, . . . , dS,n and defines 
the differential forms to be the (super)commutative algebra freely generated by 
these variables over A(l, n)+ = C[t] ® A(ri), or 

n+ = A(l,n)+[c;^i,. . . «) A(dt). 

Generally speaking 17+ is just a polynomial (super) algebra over the variables 

^7 ^1: • ■ • 7 ^n, dt, d^i, . . . , d^n, 

where the parity is 

p(<)-0, p(^,)-l, Pidt)^l, Pid£^) = 0■ 
These are called (polynomial) differential forms , and we define the Laurent differ- 
ential forms to be the same algebra over A(l, n) = C[t, t^^] (g) A(n): 



n^iln^ n{l,n) := A(l, n)[da, ■ • • , d£n] A[dt]. 
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We would like to consider a fixed complementary subspace r2_ to r2+ in Q. chosen 
as follows 

= n^- := t"^C[t"i] A(n) (K)C[(i<^i,. . . ,d^„] (g> A[dt]. 

For the differential forms we need the usual differential degree that measure only 
the involvement of the differential variables dt, d^i , ■ ■ ■ , d£,n , that is 

deg t = 0, deg = 0, deg dt — 1, deg dS,i = 1, 

which gives the standard "L-gradation both of f2 and ^l±. As usual, we denote by 
fi'^jJlj. the corresponding graded components, and if we need to take care of the 
dependance on n they will be denoted by fi^ and _|_ , respectively. 

We denote by fijf the subspace of differential forms with constant coefficients in 

The operator d is defined on Q, as usual, as an odd derivation, such that d{t) = 
dt,d{£,i) = d^i,d{dt) = d{d^i) = 0. Observe that d maps both f2+ and 51_ into 
themselves and that d^ = 0. 

As usual, we extend the natural action of n)^ on A(l, n) to the whole VL by 
imposing the property that D (super)commutes with d. It is clear that f2+ and all 
the subspaces fi'^' are W{1, ri)+-invariant. Hence Vl^ and Vl^ are n)+-modules, 
which are called the natural representations of W^(l,n)+ in differential forms. 

We define the action of T/F(l,n)+ on Vt- via the isomorphism of 57_ with the 
factor of Q, by 57+. Practically this means that in order to compute D{f), where 
/ g ri_, we apply D to f and "disregard terms with non- negative powers of V\ 

The operator d restricted to $7^. defines an odd morphism between the corre- 
sponding representations. Clearly the image and the kernel of such a morphism 
are submodules in . The second statement of the following result is Proposition 
4.1(3) in 1 . Now, we complete the proof of this result. 

Proposition 6.1. (a) The maps d : are morphisms of W{l,n)^- 

modules. The kernel of one of them is equal to the image of the next one and it is 
a non-trivial proper submodule in 

(h) The dual maps d"^ : {il}^^)'^ — (17+)"*^ are morphisms of W{l,n)^ -modules. 
The kernel of one of them is equal to the image of the next one and it is a non-trivial 
proper submodule in . 

Proof, (a) Consider the homotopy operator K : J7„.+ — !■ r2„,+ given by 

K{d^n v) = S,nV, K{v) —{) \i V does not involve d^n. 

Let e : r2„,+ i7n,+ be defined by 

e(d^„ v) — s{^nv) — 0, e(i') = v ii v does not involve both d£,n and 

One can check that Kd + dK = Id — e. By standard argument, using this homotopy 
operator, the proof follows. 

(b) Considering the dual maps K : (i7„ — !> (17„ _|_)^ and e : (r2„_+)^ 
we ohtain K* d* +d*K* =1(1- e*. 

Therefore, if a e (17„_+)* is a closed form, we get a — d'^{K'^a) + e'^(a), and 
£*(a) is also a closed form. Observe that (e*a)(z^) — a{e{v)) = if involve 
or Hence e'^a is essentially an element in (r2„_i_+)^, namely it is equal to an 
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element in (r2„_i^+)# trivially extended in i/^s that involve d^n or It follows by 
induction on n that 

a = d^ai + ao, (6-1) 

for some ao,ai € (rj„^+)'^ and ao is a closed form that is a trivial extension of 
an element ao € (^^o,+)*- But Oo,+ = C[i] (g) A{dt) = {p{t) + q{t)dt\p,q G C[t]} 
and ao G (Oo,+ )* is closed iff ao{q{t)dt) = for all q e C[t]. In general, it is easy 
to see that 7 G (rio,+)'^ is exact iff 7 is closed (i.e. -f{q{t)dt) = 0) and 7(1) = 0. 
Therefore, using ()6.ip . we have a = (i'^/3 + ao(l)l*, where l*(cl) = c and zero 
everywhere else. Since 1* G (il ° _,_)*, we get the exactness of the sequence 

□ 

Recall that K{l,n)+ is a subalgebra of W{l,n)+, defined by p.7p . Hence rib- 
and 51^ are 1^(1, n)_|_-modules as well. 

Observe that the differential of the standard contact form w ^ dt — J2"=i ^.i^^i is 
du = — X]"=i('^'?j)^j s-iid following Rumin's construction in [10 , consider for fc > 2 

^ dijj AQ.^-"^ + ujAQ!'-^ C (6.2) 
lX=dLuhn%-'^ + tjAl7^"^ C 17^, (6.3) 

and /I = w A O", /| = w A /° = = J'^. It is clear that d{I^) C I'^+i and 
d{ll) C and using p.7p it is easy to prove that and are K{\,n)^- 

submodules of Vt^ and f2^J_, respectively. Therefore we have the following contact 
complex of i4r(l, n)+-modules (we also denote by d the induced maps in the quo- 
tients) : 

Q^c^n^^^iX/iX^nl/il^--- (6.4) 

Let C[d^i]' C be the subspace of homogeneous polynomials in d^i, . . . ,(i^„ 
of degree Using that the action of cso(n) = C £^00 ©so(n) — (iir(l,n)+)o in fi^^ 
is given by 

n 

Eoo^2tdt+Y^ C» 9„ ^ ^,dj - ^,d„ (6.5) 

i=l 

it follows that C[(i^i]' is a cso(n)-invariant subspace. Now, consider = 7r(C[c?^i]'), 
where tt : il'.^ — >■ fi^,.//^, and take 0' = (F')^. Here and further, we denote by # 
the restricted dual, that is the sum of the dual of all the graded components of the 
initial module, as in [Ij, section Bl. Then, we have 

Proposition 6.2. (1) The cso{n)-module Q^l > 0, is irreducible with highest 
weight (— /; /, 0, . . . , 0). 

(2) The K{l^n)j^- -module ^l > 0, contains 0' and this inclusion induces 

the isomorphism 

(f^+//+)^ = ind(e'). 
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(3) The dual maps d* : are morphisms of K{l,n)+- 

modules. The kernel of one of them is equal to the image of the next one and it is 
a non-trivial proper submodule in (fJ^//^)"*^. 

Proof (1) Consider = TT{S\d^i)), where n : n^_^ — > Observe that 

and it is weh known that F' are irreducible lowest weight cso(n)-modules with 
lowest weight vector (d^i + id£,2f whose weight is {l\ —I, 0, . . . , 0), see [8|. There- 
fore, e' = {T^)* are irreducible highest weight cso(n)-modules with highest weight 
(-Z;Z,0,...,0). 

(2) By the definition of the restricted dual, it is the sum of the dual of all the 
graded components of the initial module. In our case is the component of minimal 
degree in il*^//^, so 0' becomes the component of maximal degree in (fi'^//^)'^. 
This implies that 0>o acts trivially on 6', so the morphism Ind 0' {Vl\/I\^)'^ is 
defined. Clearly is isomorphic to 

F'®c[t,ei,...,e„], 

so it is a cofree module. Then the module {Vl\/l\^)'^ is a free C[9o, i9i, . . . , 9„]- 
module and the morphism 

ind(e') ^ 

is therefore an isomorphism. 

(3) The first part of this statement follows immediately from the fact that d 
commutes with the action of vector fields. It remains to prove that the kernel of 
one of them is equal to the image of the next one. 

First, we shall prove the exactness of the sequence (16. 4p except for level 1, where 
we have ker d — Imd + <Ctdt. Let a € Sl'j^ such that da e l'^'^^. Then da — 
uj A 13 + duj A J, with ^ G ri'j_ and 7 £ O'p^ Observe that d{a - lu A = 
w A (/3 — d'y), hence, by replacing a by another representative, we may assume that 
7 = 0. Since = d^a = d{uj A /S) = duj A (3 - ui A d/], then dui A da = du A {w A (3) ^ 
— {sgn)Lo Adoj Al3 — (sgn)uj Auj Adfi — 0. Therefore, da 6 Ker(dwA • ) = 0- But the 
differential complex d) is exact by Proposition l6. If a) . proving the exactness of 
(|6.4p . By standard arguments, it is easy to see the exactness of the dual, finishing 
the proof. □ 

Corollary 6.3. The following K{l,n)^ -modules are isomorphic 

nl/ll = (Ind(F'^'))*. 

Let us now study the iir(l, n)_(--modules 17^. Recall that we identified (via 
isomorphism) n't with f2''/^^+- Let tt : fi'' ri'^/fJ^ = fi'l. Observe that = 
is a i^(l,n)+-submodule of rj'l, and d{l'l) C Let 

^* = £.1 ■ ■ ■ £.n, and rt ^t-^£_M^^ cnt. 

Proposition 6.4. For g = we have: 

(1) The C5o{n)-module F*! is an irreducible submodule of il^L with highest weight 
(n + fc-2;fc,0, ...,0), fork>0, 
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and 0>o acts trivially on T't ■ 

(2) There is a Q-module isomorphism il'^/l'i = Ind(r'!i). 

(3) The differential d gives us Q-module morphisms on and the kernel and 
image of d are Q-submodules in Q't/l'i- 

(4) The kernel of d and image of d in il't/l'l for k > 2 coincide, in f2L//i we have 
Ker d = C{t^^dt)+lm d, and in we have Ker d = 0. 

Proof. (1) First, a simple computation shows that 0>o maps F'I to zero. Also, as 
a 00-module, is isomorphic to the space of harmonic polinomials in d^i, . . . , 
of degree k multiplied by the 1-dimensional module (t^^i^*). This permits us to see 
that its highest weight vectors are 

{t-^i*) for k = 0, 

(t-ie*(rf6 forA:>l. 

The values of the highest weights are easy to compute using (I6.5p . 

(2) It is straightforward to see that ri°_ is a free rank 1 C[9oj i9i, • • ■ , 9n]-module. 
Now, the action of 9oj c)i, . . . , 9„ on il'^/l'i is coefhcientwise, hence the fact that 
i^'l/I- is a free C[9o, (9i, . . . , 9„]-module follows. This gives us the isomorphism 
nt/l'l = Ind(F'l). 

(3) It follows immediately from the fact that d commutes with the action of 
vector fields. 

(4) Let aenthe such that da e /'!+^ Then da = uj A 13 + du A^, with P € fit 
and 7 G Q'^T^ ■ Observe that d{a — uj Aj) = uj A{/3 — dj), hence, by replacing a by 
another representative, we may assume that 7 = 0. Since = d^a — d{uj A /3) = 
doj A 13 - UJ A d(3, then duj A da = duj A {oj A (3) = uj A uj A df3 = 0. Therefore, 
da e Ker(c?a; A • ) = 0. But the differential complex {fl*_,d) is exact except for 
k = 1 (see Proposition 4.3 in [!!), proving the statement. □ 

In the last part of this section, we classify the irreducible induced K{l,n)+- 
modules. Let g = K{l,n)^. Now, we have the following: 

Theorem 6.5. Let be an irreducible Qo-module with highest weight fi. 

If n > 4, then the Q-module Ind(F^) is an irreducible (finite conformal) module 
except for the following cases: 

(a) /i= (-Z;Z,0,...,0),? > 0, Ind(F^) = and d* {n^+^ / is the 
only non-trivial proper submodule. 

(b) ^1 ^ (n + fc-2;fc,0,...,0),fc > 1, and Ind(F^) = fl'l/l'l. For k > 2 the 
image dflt^^/I^-^ IS the only non-trivial proper submodule. For k — I, both Im(d) 
and Ker{d) are proper submodules, and Ker((i) is a maximal submodule. 

Proof. We know from Theorem 12.41 that in order for the g-module Ind(i^) to be 
reducible it has to have non-trivial singular vectors and the possible highest weights 
of F in this situation are listed in Theorem [5TT] above. 
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The fact that the induced modules are actually reducible in those cases is known 
because we have got nice realizations for these induced modules in Propositions 16.21 
and 16.41 together with morphisms defined by d, , so kernels and images of these 
morphisms become submodules. 

The subtle thing is to prove that a submodule is really a maximal one. We notice 
that in each case the factor is isomorphic to a submodule in another induced module 
so it is enough to show that the submodule is irreducible. This can be proved as 
follows, a submodule in the induced module is irreducible if it is generated by 
any highest singular vector that it contains. We see from our list of non-trivial 
singular vectors that there is at most one such a vector for each case and the 
images and kernels in question are exactly generated by those vectors, hence they 
are irreducible. □ 

Corollary 6.6. The theorem gives us a description of finite conformal irreducible 
K{l,n)^ -modules for n > A. Such a module is either Ind(i^) for an irreducible 
finite- dimensional gQ-module F, where the highest weight of F does not belong to 
the types listed in (a), (b) of the theorem, or the factor of an induced module from 
(a), (b) by its submodule Ker(d). 

7. Finite irreducible Xh-modules 

In the first part of this section, we follows Section E in T. In order to give an 
explicit construction and classification of all finite irreducible _fC„-modules, we need 
the following definitions. Recall that W{1, n) acts by derivations on the algebra of 
differential forms $7 = r2(l,n), and note that this is a conformal module by taking 
the family of formal distributions 

E ~ {5{z — t)uj and 5{z — t)uj dt \ uj ^ Vt{n)} 

Translating this and all other attributes of differential forms, like de Rham differ- 
ential, etc. into the conformal algebra language, we have the following definitions. 

Recall that given an algebra A, the associated current formal distribution algebra 
is A[t,t-^] with the local family F = {a{z) = E„Gz(a^")^"""^ = - t)}aeA- 
The associated conformal algebra is Cur A = C[9] ® A with multiplication defined 
by a\h = ab for a,b G A and extended using sesquilinearity. This is called the 
current conformal algebra, see [6] for details. 

The conformal algebra of differential forms fin is the current algebra over the 
commutative associative superalgebra n{n) + D,{n) dt with the obvious multiplica- 
tion and parity, subject to the relation [dt)"^ = 0: 

rj„ = Cur(f7(n) + VL{n) dt) = C[9] ® {VL{n) + VL{n) dt). 

The de Rham differential d of (we use the tilde in order to distinguish it from 
the de Rham differential d on ri(n)) is a derivation of the conformal algebra f2„ 
such that: 

d{uji + uj2dt) = duji + duj2dt - (-l)P("i)9(widt). (7.1) 
here and further Ui G ^{n). 

The standard Z_|_-gradation r2(n) = ®jez+f^('^)"' of the superalgebra of differen- 
tial forms by their degree induces a Z_|_-gradation 

= ©jGZ+f^^„, where il^ = <C[d] ® {VL{ny + Vt{ny-^ dt), 

so that d:VLi-^ 0,1+^. 
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Let uj ~ dt — jyi^i^id£,i G Observe that div = — J2^=iid^i)'^ ■ Now, we 
define, for j > 2, 

li = C[d] (w A n{ny-^ + dujA dt) C n{, (7.2) 
= C[d] (w A n{nf), /° = 0. 

It is clear that d{I:l) C I^'^^, and it is easy to prove that are ifn-submodules 
of Therefore, we get a Rumin conformal complex {il^^J , d), where we also 
denote by d the differential in the quotient. 

Let y be a finite dimensional irreducible cso(n)-module, using the results of 
Section [5] and recalling that the annihilation algebra of X„ is K{l,n)^, we have 
that the K{1, n)+-modules Ind (V^) studied in the previous section are i4r„-modules 
with the A-action given by Theorem 14.31 We denote by Tens {V) the corresponding 
i^n-module. 

Since the extended annihilation algebra K{1, n)^ is a direct sum of K(l, 71)4- and 
a 1-dimensional Lie algebra Ca, any irreducible ^"(1, n)+-module is obtained from 
a i4r(l, n)-|_-module M by extending to K{l,n)^, letting a —a, where a G C. 
Translating into the conformal language (see Proposition 12. 3p . we see that all Kn- 
modules are obtained from conformal K{1, n)+-modules by taking for the action of 
d the action of —dt + al, a e C. We denote by Tens^y and ^k,a,ct e C, the i^„- 
modules obtained from TensV^ and f2fc by replacing 9 by 9 + a in the corresponding 
actions. 

As in [T] , we see that Theorem 16.51 and Corollary 16. 6[ along with Section [5] and 
Propositions 12. 3[ together with Propositions 2.6, 2.8 and 2.9 in [1], give us a com- 
plete description of finite irreducible i4r„-modules, namely we obtain the following 
theorem. 



Theorem 7.1. The following is a complete list of non-trivial finite irreducible Kn- 
modules (rt > 4, a G C); 

(1) TenScV^, where V is a finite- dimensional irreducible cso{n)-module with 
highest weight different from {—k; fc, 0, . . . , 0) and (n + fc — 2; fc, 0, . . . , 0) for 
k = l,2,..., 

(2) ^iljj//^^ ^Ker d*, fc = 1, 2, . . . , and the same modules with reversed par- 
ity, 

(3) Kn-modules dual to (2), with k > 1. 

Remark 7.2. (a) Using Proposition l6.4i we have that the kernel of d and the image 
of d coincide in ^n/^n foi' k > 2. Now, since ri^+^/J^+^ is a free C[9]-module of 
finite rank and {n'^+^/I^+^)/lmd= (0^+V/^'+i)/Kerd ~ Im J C n';+^/I,^+^, we 
obtain that (il^j+^//^+^)/Im(i is a finitely generated free C[9]-module. Therefore, 
we can apply Proposition 2.6 in T], and we have that 

(0^V4'+') VKer d* ^ ((f^:;//,t)/Ker d) * (7.3) 

for fc > 1. 

(b) Since for a free finite rank module M over a Lie conformal superalgebra 
we have M** = M, using (|7.3p . the iir„-modules in case (3) of Theorem 17.11 are 
isomorphic to (il^//^)a,/Ker J, fc = 1, 2, .... 
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(c) Let y be a finite-dimensional (one dimesional in fact) irreducible cso(7i)- 
module with highest weight (0;0, ... ,0). Observe that the module Tens V has a 
maximal submodule of codimension 1 over C. Hence, the irreducible quotient is 
the one dimensional (over C) trivial Kn -module. Therefore, we excluded the case 
A: = in Theorem Oa.2. 

(d) Let y be a finite-dimensional irreducible cso(n)-module with highest weight 
{n — 2; 0, 0, . . . , 0). Observe that in case (3) in Theorem 17.11 we excluded k = 
1, because in this case the dual corresponds to the module TenSa V, which is 
isomorphic to rJo.a and it is an irreducible tensor module, therefore this module is 
included in case (1) of Theorem 17. II 

(e) The case K2 — W\ was studied in full detail at the end of Section E in [1] . 

(f) The remaining cases i^a, K'/^ and CKf, will be worked out in a subsequent 
publication. 



This appendix is devoted to the proof of Theorem l4.1l and it will be done through 
several lemmas. 

Given / C {1, . . . , n} we shall use the following notation: 



8. Appendix A 



e, = el := #{j el : j <i}. 



It is easy to see the following useful formulas: 




(8.1) 
(8.2) 

(8.3) 




Without loss of generality, we shall assume all over the proofs that 
/ = 5 = O^K, with J n / = 0, and K CI. 



Lemma 8.1. For any to > 3, /, g G A{n), we have t"^f ■ {g (i)v) = 0. 



Proof. Using that 




if r ^ /; 
if r e /. 



(8.4) 



it is easy to see that 



t"7 • (.9 ®v)^ t^^i ■ Hj^k ® v) 




ml 



(8.5) 



i^O SCJ, \S\^i 




m 
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for certain signs {sgn)i,s, {sgn)i^sx that are not needed explicitly yet. Now, observe 
that for \S\ = i and L C K C I wc have 

deg(f"-*5L(6?s)) = 2(m + \I\ + jS*! - |L| - 2 ^ 2m - i + |/| - |L| - 2 > m - 2. 
Hence, using (|8.5p and m > 3 we prove the lemma. □ 



From Lemma [8.11 the A-action has degree at most 2 in A. Now, we study the 
A'^-term. 

Lemma 8.2. 

LCK 

(8.6) 

Proof. Using (|8.4p . it is clear that 

Hence, we may suppose that J = % and we shall apply induction on If = 
the statement is obvious. Now, consider ^jS,Kj with j < fc^ for any ki G K. Observe 
that 



= i-lf^^,^i^K(^v + i-lf^idj^i)^K(^v (8.7) 



LCK 

-imLLzll^\L\{\K\-\L\) 
LCK 

Now, using that 

Ol^k) ^ i~iy''^Cj{dL^K), lij^L 
d.jdLmK) ^ {-l)\''KdL^K), 
dLd.ii = (-1)1^19,5^6, 

equation (|8.7I) becomes 
^/•(^j^/f ®f) = 

= E (-l)l^l(l^l+i)+^^-l^l(l^l-l^l)+l^' (5L(e,eA))(5Le/) ® 

LCK 

+ ^ (_l)l^l + (|Jhl)|A|+ l"-l'l§l-'' -|L|(|A:|-|L|) + |L| + |L| 

LU{i}CKu{j} 

(d,dL)mK)[d,dLb)®v 

^ ^ (-i)i^i(i^i+i)+^^-i^i(i^i+i-i^i)(ai)(e,eA)(9L6)®« 

finishing the proof. □ 
The following lemma provides the A'^-term in the A-action formula of Theorem 14. II 
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Lemma 8.3. For any monomials elements f — , g — £,l with / ^ 0, we have 

n 

f-{g(Sv) = {-ir^fHlfl - 2)d{dfg) (E)v + J2 dm) ii^9) ® v 

+ (-i)p(f)J2d^9^o,f)g^F,,v 

i<j 

Proof. Consider as before / = £^j,g — £,j£,k with J C\ I — % and K C /. Recall 
formula (|8.6p 

■ (Uk « E (-i)m(i^i+i^i)+^^-i^Ki^i-i^i) uid.^KKdUj) ® V. 

LCK 

Since (9l^/ £ 0>o if 1-^ ^ ^| > 2, it is enough to consider the summands that appear 
in the cases \I — L\ — 0, 1, 2. 

Case \I -L\ =0: 

This summand appear if and only if if = /, and it correspond to the single possible 
choice of L — K. Using (|8.ip . we get 

(8.8) 

and using (18.21) together with 1 — —2d, it can be rewritten as 

-2d{-iy^f'>dfig)(dv (8.9) 

obtaining part of the first term of the statement of this lemma. Observe that the 
term df{g) is non-zero iff if = J, therefore the expression (|8.9p also contains the 
Sk,i in (|8.8p . This kind of analysis will be repeatedly used. 

Case \I - L\ = 1: 

This case is clearly divided in two subcases: 

(1-a) K — I and L = I — {i} moving i G /, or 
(1-b) K = I — {k}, and L takes the single value K. 

Let us compute each subcase separately. 

Subcase (1-a): Recalling (|8.6p and using (|8.2p . the summands in this subcase be- 
come 

terms(l-a) = ^(-1)1^11^1+1^1^+ ^(l^l^^)0(g/-wg/)(g/-W C/) ® v 

c- V^/ ,,|r|| T| I (l-f|-l)(l-f|-2) 

Now, observe that ^ ^i£,i®v G Ind(F). Moreover, using that — [6,6] = 

— 1 £ 0-2, we obtain 

terms(l-a) = -(5a-,/(-1)I^II-^I+ ""''"'"'" |/| d^^v- 
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On the other hand, as in (|8.9p . if A' = / we have 

dfia) = (-1)1^11^1+^^ (8.10) 

obtaining 

terms(l-a) = (-If^^^ |/| d{df g) ® v, 
getting the other part of the first term in the statement of this lemma. 

Subcase (1-h): Recalhng (ISJl) and using ((8?T|) and ((8?2|) 

terms(l-b) = 0(g/-we/-{fc})(g7-W C/) 

f ^ ,.|j||7| I I IJKI-fl-i) , . 

On the other hand, observe that ^OiSj^KUJ,jEl and / — {j} C 

{j} U if U J, i.e. K = 1 - {j}. Hence, ii K = I - {fc}, then 

n 

obtaining terms(l-b) and the second term of the statement of this lemma. 

Case |/ — L| = 2: It remains to see that this case produce the last term in the 
statement of this lemma. In order to prove it, observe that this case must be 
divided in the following subcases, depending on the relation between / and g, more 
precisely, depending on the relation between K and /, namely: 

(2-a) K = I, hence L ~ I — moving i < j, i,j G /, or 

(2-b) K = I — {?■}, hence L — I — {r, s} moving s G / with s ^ r, or 

(2-c) K ^ I — {r, s} with r < s, hence L takes the single value K. 

Now, we must show that for each choice of K as in (2-a,b,c) the resulting sum over 
the corresponding subsets L's is always equal to 



i<j 

Using (|8.6p . it is clear that 

terms(2-a)= J2 (-l)l-ll'-l+l-l+ ""'^'i'"'^' -d^l-^)^ tiC^^^m 
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On the other hand, 

i<j i<j\ijel 

where in the last equahty we are using the fohowing formula that can be easily 
verified for i < j 

i (-1) ^+ ^ ^j^t, if « > J- 

Therefore, taking care of the sign of the last term in the statement, we proved that 
it corresponds to terms(2-a). 



In order to study case (2-b), suppose that K = I — {r}. Then, using (|8.6p . 
terms(2-b) = 

= ^ (_i)mi./i+i/i(i/i-i)+ "-'-%"-'-' -(i/i-2)^^(g^_^^^^^ ez-w)(5/-{..} f/)®- 

E, . , I rii 71 I (|/|-l)(|/|-2) 

Using (|8.11D it become 

terms(2-b) = - ^ (-l)'^"'^'^ '"''^'-'"''^' 6-w) ^ ^^^^ 

sG/.s<r 
sG/,s<r 

- E (-l)""'"+''-+'=+'"+'0(5/-^,4 6-w)®J^rs^;. (8.12) 
On the other hand, ii K = I — {r} we have 

i<j i<j;i,jel 

Therefore, comparing the last equation with (18.121) and taking care of the sign 
in the last term of the statement, we prove that tcrms(2-b) correspond to it for 
K ^ I -{r}. 
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Finally, suppose that K = I — {r, s} with r < s, then (2-c) or more precisely the 
sum in ()8.6|) over those L with |/ — L| =2 become 

terms(2-c) = (_l)mi^l + |/|(|/|-2)+ "-'--'i'-'--' ^I-{r.s}){dl-lr.s} 6) ® V 

^ (8.13) 

On the other hand, if A" = / — {r, s} with r < s, we have 

z<j i<j\i-jel 

Therefore, comparing the last equation with (I8.13P and taking care of the sign in the 
last term of the statement, we prove that (2-c) correspond to it for K = I — {r, s}, 
finishing the proof. □ 

The following lemma gives us the A-'^ -coefficient of the A-action. 

Lemma 8.4. For any monomials elements f — S,i,g — with / ^ 0, we have 
tf ■ [g ® v) = {-l)P'^fHdfg) Eoov 

n 

i=l i^j 

Proof. We shall use the usual notation: / = ^7,5 = £,j^k with J Ci I — $ and 
K C I. Using (|8.4p and (|8.5p . it is easy to see that 

n 

and in the second term we can apply the (O)-action formula given by Lemma |8.3[ 
in the special case oi f — (^i^j and g = S,k, hence 

t^i ■ itj^K ®v) = (-l)I^II^IO(i6)^K V 

n 

+ E(-l)""'""'"^'^'(^^-^^)(^(a. (8.14) 

n 

j—l r<s 

It remains to see that the three terms in the above equation correspond exactly 
to the terms in the statement. In order to do it, let us consider the first term of 
(18.141) . and using (|8.5p . we obtain 

(-l)l'll''IO(i6)^K ^ V - E {^)LU^-L{t^I~L) ® V 

LCK 

= 6K,ii^){-l)^'^^'^kj ^ Eqov (8.15) 

since deg(i^/_L) = \I — L\ has to be 0, i.e. we have only one summand that 
correspond to L = I and we must have K — I. Observe that the term L ^ I 
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corresponds to take all the brackets against , • • • , ^fc, , if K — {fci, . . . , fc/}, hence 
it allows us to compute the sign in ()8.15p . obtaining 



where we used ()8.10p to prove the last equality, getting the first term of the state- 
ment. 

Now, let us consider the second term of (I8.14p and observe on it the expressions 
(dj£_j) and d(^Q.^j^.-^^iS,K- In order to be non-zero, we must have i = j, and j € J. 
Therefore, 




n 



proving that it corresponds to the second term of the statement of this lemma. 
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Finally, consider the last term in (|8.14|) . Observe that the expression 
implies that r = j or s = j. Therefore, this last term can be rewritten as follows: 

n 

j = l r<s 



= E E ^(9.?/) ((^i^-f)^^) ® ^ (since -F^j = -i^j^) 

jeJ iei 

= EE^(9./)(^i5)®-P'»j^^ 
finishing the proof. 

The following lemma gives us the A^-coefficient of the A-action. 

Lemma 8.5. For any monomials elements f ~ , g ~ Cl with / ^ 0, we have 

It' A ■ (.9 ®v) = ^/(^'^^- -9) ® 



□ 



Proof. Using (|8.5p . we have 

• ® I' = E (s.gn)e7eK-L(i'e/^L) ® V 



(8.16) 



LCK 



{iJ}CJ,i<j LCK 

for certain signs that depend on the parameters. Now, observe that the first two 
terms in (18.16^ are 0, because deg(i^^/_L) > 2 and deg(i^/_L^j) > 1 since j ^ /. 
Using that deg(^7_L^i^j) > 1 for |/ — i| > 1, the last term of (I8.16P is non-zero 
only \i L = K = I, therefore 

t'b-{tj^K®v) = - ^is9n)r^j(j-{^,j}(^F,,v. (8.17) 

{i,j}CJ,i<j 

It remains to compute the sign {sgn)i_j and rewrite (j8.17p as in the statement 
of this lemma. 
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Suppose that = ^* . . . . . . f j . . . ^» , then the term that appears in ()8.17p is 

obtained (super) commuting the ^'s, namely 

f^I■C....^^...^,...UK®V^ (8.18) 

= Yl 2(-l)l^l^/+i+(^/-(^^+i))(l^l+i)C. . . . 6 . . . (te,e.)e, . . . ® V 

{id]QJ,i<3 

= ^ 2(-i)i^i'/+i+K'-(^^+i))(m+i)+ie* . . . 6 . . . ■ ■ ■ ® V 

{i,j}C.Li<j 
{i,j}CJ,i<j 

X . . . g . . . ^- . . . C*(6C«0)Ck «) w 
= Yl 2(-l)l^ll'^l+^^'+^/+iC....f,...^-...^,(^,C,0)?if€5« 

- -2(-i)i^ii^i ^(a,a,o)(e/60)e/f ® 

where we used in the last equality that = (^1)'^' '^'^^ didjS^j, and the term 

didjS,j implicitly contains the condition C J. 

Now, in order to move through ^k, we may apply the (O)-action formula or make 
the direct computation recalling that the only surviving term corresponds to the 
case L = if = / in (|8.16p . namely, it is non-zero if if = J and we have to take all 
the brackets, that is, if = Cii • • ■ Cis ; then 

■ (C/ «) = (-1)1^1 (e». • ■■C^MJ)i^. ■ ■ ■ ^ V 

= (-l)l^l+(l^l-l)+-+ie:C,®z; (8.19) 

, ,, l-r|(|J| + i) , ^ 

= (-1) 2 Uj<S)v. 
Now, inserting into (I5TTS)) . we have 

f^i ■ itj^K ® «) = 2,5,,k(-1)I'II^I+^^ Ymtj) ® F^jv. (8.20) 

i<j 

On the other hand, if / = ^/ and g = Cj£,k, with if C /, Jni = 0, then df{didjg) ^ 
iff if = / and {«, j} C J. Hence it capture the above conditions. Finally, observe 
that 

djid^d, g) = df{d.d,{ijU)) = df{dA{d,s,MK + (-i)i''ie7(a.eK)]) 

= a/((9.9,0)eK) = {-lf^^^'^-^\d,d,ij){dfU) (8.21) 
= '5,,K(-l)l'll''l+^^(9.9,e/), (by (EH)) 

replacing (|8.21l) in (I8.20p . we prove the lemma. □ 



A simple computation shows that Theorem 14.11 also holds for J — 
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9. Appendix B 



This appendix will be devoted to the proof of the classification of singular vectors 
in Theorem 15. II First, we shall consider some technical results. 
Let rh e Ind(y) = C[i9] €5 A(n) ®V he. & singular vector, then 



N 



m 



fc=0 / 



In order to obtain the singular vectors, we need some reduction lemmas. In 
Lemmas 19.1119.41 we prove that iV < 1 and |/| > n — 2. In Lemma [9.51 the case 
A = 1 is discarded for n > 4, and in the case n = 3 we explicitly found the 
corresponding singular vector. Finally, the proof of Theorem 15.11 is completed at 
the end of this appendix. 

Lemma 9.1. If rn £ Ind(V^) is a singular vector, then the degree of m in d is at 
most 2. 

Proof. Using Theorem 14.31 for / = 1 and (SI), we have 



N 



0=— (l,m) = ^^ k{k-l){X + d) 



fc-2 



k=2 I 



(-2)9(^7 » Vi,k) + 



(9.1) 



N 



k=l I 



N 



5] ^ (A + a)^- 2 ^^^J^I ® 



k=0 I 



Rewriting 9 as (A + 9) — A, we can consider (|9.ip as a polynomial in A + 9 and A. 
Then the terms in (A + d)^X^ , gives us 



= ^ ^ i^ijii » F.jVi^k for all fc > 2. 



(9.2) 



Using it and considering the coefficient of (A + 9)'A in (|9.ip for Z > 1, we have 
= ^ 6 ® ( EQQVi.k - n{l ~ 5\i\^ri)vi.k + 2 u/,fc j , for all fc > 2. 



Hence 



Eoovi^k - '^(l - S\i\^n)vi,k = -2 w/,fc, for ah fc > 2. 



(9.3) 
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Now, using (1121), and taking the coefficient of (A + 9)' in (HH]), for Z > 2, we 
obtain 

= ^ (^(-2)/c(fc - 1) ® vi^k + 2kii(» {Eoovi^k - n{l - (5|/|,„)v/^fc)^ 
= ^(-2)fc(fc+ 1) ^/ (g)t;/,fc, for all fc > 2, 



getting vi^k — for all / and k > 2, finishing the proof. 



□ 



From the previous Lemma, any singular vector have the form 



Now, we shall introduce a very important notation. Observe that the formula 
for the action given by Theorem 14.31 have the form 

f^{g ®v)^da + h + \B + \^C = {\ + d)a + b + \{B-a) + \^C, 

by taking the coefficients in d and . Using it, we can write the A-action for the 
singular vector m of degree 2 in 9, as follows 



hm = 



(A + 9) ao + 6o + A [Bq - ao) + A^ Cq 



+ {\ + d) 
+ {\ + dY 



(A + 9) ai + fei + A (Bi - ai) + A^ Ci 



(A + a) a2 + 62 + A {B2 - aa) + A^ C2 



'- + \f\\i\ 



For example, 

Obviously, these coefficients depend also in /, and sometimes we shall write for 
example a2{f) to emphasize the dependance, but we will keep it implicit in the 
notation if no confusion may arise. 

In order to study conditions (SI) — {S3), we need to compute 

ifxm)' = Bo + 2 A Co 



(A + a) ai + &i + A (Bi - ai) + A^ C'l 



+ {X + d) (B1+2AC1) 



2(A + d) 



(A + 9) a2 + 62 + A (B2 - 02) + A^ C2 



+ (A + 9)2(52 + 2AC2). 



and 



ihrh)" = 2 Co + 2 Bi + 4 A Ci + 2(A + a) Ci 



(A + 5) a2 + 62 + A (B2 - 02) + A2 C2 



+ 4(A + d){B2 + 2A C2) + 2(A + df C2. 
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Therefore, by taking coefficients in (A + dyX^ , conditions (S1)-(S3) translate into 
the following list: 

• For all / e A(n) : 

Ci = 02 = -B2 (9.4) 
= Co + Bi + 62. 

• For / = ^i, with |/| > 1 : 

= 02 = ^2 

= ai + Si + 2b2 (9.5) 
= Bo + ^'i- 
. For / = C/, with |/| > 3 or / £ S,,(„) : 

ai = - ^2 

ao = - 5i (9.6) 
= 60. 

Lemma 9.2. T/ie following conditions hold in a singular vector: 

(!) If\I\^n, vi.2=0. 

(2) If\I\ <n-3, vi,i =0. 

(3) // |/| <n-5, vi,o = 0. 

Proof. (1) Using (|9.5p . we have 02 = if / = with | J| > 1, that is 

I 

Now, suppose there exists / such that vj^2 7^ with |/| < n — 1. Let Iq be one set 
of minimal length with this property. Then 

0-a2(/)= («3")/,/(l/|-2)(/e/®«/,2). 

l-f|>l-fo 

Then take / = ^/^ if |/q| ^ 2 (where from now on A'^ denote the complement of A 
in {1, . . . , n}), and take / = for a fixed io ^ Iq ii \Iq \ = 2. Then, we compute 
02(7) with this choice of /, obtaining 

0^{sgn){\r,\-2)^,<g>vi„2, if |/o1 ^ 2; 
and, if |/q| 2, we have 

= {sgn) ^,o^7o ® '^/o,2 + (sgn) (g) w/oU{ii}.2 + X!^'*-^"') ^{»}'^ t'/oU{ji}\{»},2 

where ii satisfies Jq U {io,ii} — {!,... and ^* = Ci • ■ - Cn as before. Hence 
vio,2 = 0, finishing the proof of (1). 

(2) Using (1), observe that for f — £,1 with |/| > 3, we have 

n 

hif ) = Y{sgn)jj{djf){dj£_^) U,,2 - ^(9r9s/)C* ® ^'rsW*,2 = 0. 
J— 1 r<s 

Therefore, using (|9.6p . we get ai(^/) = for |/| > 3. 
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Now, suppose there exist J such that vja 7^ with \ J\ < 71 — 3, and take Jo with 
minimal length satisfying this property. Then, since \Jq \ > 3, we have 

= ai(Os)= J2 is9n){\J^\-2)Osij<il)vj,i^K ^,(^vj,,i, K^O 

\J\>\Jo\ 

proving that vj„,i = 0. 

(3) Since vji = for | J| < n — 3 (by the previous proof), it is easy to see that 
bj^(lj) = if |/| > 5. Then, by (EH), we have that ao(6) = if |/| > 5. Hence, 
'^'7,0 = if I J| < n — 5, finishing the proof. □ 

After this lemma, we have that any singular vector have this form: 

/|>ji-2 l-f|>n-4 

Now, we shall continue with more reduction lemmas: 
Lemma 9.3. Ifn>3, then v^,^2 — 0. 

Proof. Using (|9.4[) . we have a2(/) = ci(/) for any /. In particular, taking / = 1, 
we have on one hand 

02(1) = -2 (Ki 'u*,2, 

and, on the other hand 

i<j |J|>n — 2 i<j 

since we must take J = {«, j}'^ and £,i£,j^{i.j}<: = (—1)*^^^^^*. Therefore, 

2v.,2 = -J2 (-1)'^' ^y(^{M}M)- (9-7) 

i<j 

Now, we shall study condition oi + i?i + 262 = for |/| > 1, and compare it 
with (|9.7p . Fix f — and observe that 

b2{f) - ® v,.2 = (-l)^''+"C{.o}= ® ^^-2. (9.8) 

Then, from the last equation, we need to pick up the term with C{io}^ ^lif) ^^'^ 
Bi{f). Since 

«i(/)= E ("i)'"^«oC/^5t'/.i, 

\I\>n-2 

then, ai(/) does not have terms without ^j,,. On the other hand 

Bii.f)= E (-i)'"+'e.o6®i?ooi'/a + E E (-i)'"+'5«(e.o^«6)®^^/,i 

|/|>n-2 j^i^io |/|>n-2 

-EE i'^f^^\d.Ui,^i^F,,vj,,, (9.9) 



IRREDUCIBLE MODULES OVER LIE CONFORMAL SUPERALGEBRAS 



31 



hence, only the last suinmand of (|9.9|) have the term and this is possible only 

if / = {j,ioY,i — io and j ^ io, namely 

(term in = - ^ (-l)"+'0^{,,»o}^ ® F^aJi^{J,^oV^) (9-10) 

j<io j>io 

where we used that ^j ^UM ' = (-l)^"^^{^o}= if«o < j, and ^j^{j^j„}c = (-l)^"i^{i„}c 
if io > j- Comparing ()9.10p with (|9.8p . we have 



j<io io<j 

where we used in the last equality that Fi^j = —Fji^. Since (|9.11l) holds for all ig, 
we may take the sum over io — 1, . . . ,n and compare it with (I9.7p . obtaining 

proving that w*_2 = for all n > 3. □ 
Lemma 9.4. Ifn>S, then any singular vector in Ind{V) have this form: 

|/|>n-2 

/or certain w/^o G ^• 

Proof. Claim 1 : For all h ^ c, W{fc,c}<:,i = 0. 

Proof of Claim 1: Combining ((O)) and (p?5|) . we have ai(/) = co(/) for all |/| > 1, 
since b2{f) = by the previous lemma. Let us fix 5 7^ c. We may suppose b < c. 
Consider / = ^b^c, then (obviously) ai(/) = 0. Hence 

o = co(6Cc) = -E J2 6CcC^06 <^ («/,o) 

i<j |/|=n — 4 

which may be rewritten as follows 

0= X! ?*?i?{6,c,jj}<= (w{6,c,jj}-,o)- (9.12) 

On the other hand, fix a ^ 6, c. By bi{£,a) + Bo{^a) = 0. Observe that 

hiU^ (9.13) 

\I\>n-2 

+ J2i-^T{^a^{^v) ® + (-1)"+' da^*<E>V.,l. 
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Now, 

(^term e{a,h,c}= of = (-1)""' (9ae{6,c}0 ® ^'{fe,c}M. (9.14) 

Similarly, 

/|>ri-4 i |/|>ri-4 

- E E(-l)'^'"(^»^'^)^^^^^^^^Ko)- (9-15) 

|/|>n-4 i^j 

Obviously the term (.{a^b.c}" will appear in (|9.15l) only in the last sum, for certain 
values of /, namely 

term ^la,b,c}- of Bo{^a)j = - E ® ■F'a,/ (w{a,6,c,/}=,o) • 

^ l^a,b,c 

(9.16) 

Using (PH]) . and the fact that = 6i(Ca) + 5o(?q), we get 

= H(a) := {da^{b,c}'=) "Xl ^{fc.cjM - E ^l^{a-b,c,l}'' ® -F'a,/(t'{a,fc,c,;}^o). 

l^a,b,c 

Now, moving a, we may take 

= E • ^(°) 

= E ^a{da^{b,c}-=) '^Vlb,c}-=,1 - E E ^a^l^{a,b,c,l}'= ® Faj{v^a,b,cd}-=,o) 
a^b,c a^b.c l^a,b.c 

= E ~ E ^a£,l^{a,b,c,l}-= Faj{via,b,c,l}'=,o) 

a^b,c a<l:a,l^b,c 

a,b.c.l}^ ,0 ) 

l<a\a,l^b.c 

and using that ^aCi = -6Ca, i^a,; = --R.a and iaidaiib^c]") = the last 

equation becomes 

= E ^{b.cY ® '"{b^cYA - 2 ( E iaS,lS,{a,b,cJY ® Fa,l{v{ 

a,6,c J}'^ ,0 / 

a^bjC a<l;a,l^b,c 

= E ^{''^c}" ® '^{''.clM (using p.l2p) 

= (^i - 2)(C{6,c}- «)W{b^c}M), 
proving Claim 1 for n > 3. 

Claim 2: For all b, U{h}c i = 0. 

Proof of Claim 2: The idea is similar to the proof of Claim 1, but taking other 
monomial terms. 

Fix b. As in Claim 1, we have ai(/) = Co(/) for all |/| > 1. In particular, since 

co(6) = - E E(-i)'"^'^''^'^^-^^®^'j-(^^'0)' 

|/|>n-4 i<3 
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we have 



term ^, of Co(6) j = - X! j}'^ ® (w{fc,ij}so) 

and it is easy to see that 

fterm^, of 01(6)) = 



Therefore 

?{6}<= "X) W{fc}<=,i = ^ CiCjC{b,i,i}<= ^ii(w{&,ij}<=,o)- (9-17) 
Now, take a^h. Using (|9.13p . we obtain 

[term of h^i^a)^ = ® «{6}M- (9-18) 

Similarly, using (|9.15p 

("term e{a,6}c of Bo(ea)) = - (-l)""'6C{a,6j}^ ® i^a,^(^'{a,^^}^o)■ (9-19) 

Using (HHl), (Pl^ and the fact that = &i(Ca) + Bo(Cq), we get 

= L{a) := daS,{bY ® t'iHM ^ X! '^''^{a,'','}'^ ® -^i.' (w{a,6,^}^o) • 

Now, moving a, we may take 

a^b a^b l^a,b 

07^:6 a<l;a,l^b 

^ X] ^a6C{a,&,/}- Fa,l {v{a,b,l}^ ,o) 
l<a;a,l^b 

= (" - l)(^{b}<= ® «{fc}M) - 2f ^ Ca6'?{a,b,i}- ® ^a,;(w{Q,b,i}so) ] 

= (n - 3)(e{b}. (8 W{fc}c,i) (using (glTl)). 

Hence 1 = for all h and n > 4. 

If n = 3, condition ai(^b) = Co(^f,) give us 

t'iblM = W0,o), (9-20) 
where {fe}^ = ^-nd i < j. On the other hand, by taking the term ^f, of 

bo{£.i£.2£,3) and using that &o(Ci?2C3) = Oi we obtain that (i^o^o) = for aU i < j, 
which combined with (j9.20l) produce the desired result, finishing the proof of Claim 
2. 

Finally, in order to complete the proof of this lemma, we need to study the 
vectors vi^. Since w/^i — if |/| < n ~ 1, it is clear that = for |/| > 3. 
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Therefore, using condition ()9.6|) . we have ao(/) = if |/| > 3, which immediately 
gives us that vi.o = if |/| = rt — 3 or n — 4, completing the proof. □ 

From the previous lemma, any singular vector have this form: 

\I\>n-2 

Using (|4.ip . (|8.1I) and (|4.4p . the Z-gradation in K{l,n)+, translates into a Z<o- 
gradation in Ind(\^): 

Ind(y) ~ A(l, n)(g)V ^ C[d] ® A(n) ® V 




deg deg -1 deg -2 



Therefore, in the previous lemmas, we have proved that any singular vector must 
have degree -1 or -2. 

Recall that in Theorem 14.31 we considered the Hodge dual of the natural bases 
in order to simplify the formula of the action. Hence, any singular vector must have 
one of the following forms: 

1. m = a (<^* (g) w*) + J2i<j C{ij}<= ® '"{i.j}- 

2. m = '^v^. 

The next lemma study the first one. 

Lemma 9.5. If n > 3, the first case is not possible. If n = 3, then 

m = 9 (C* w^) + * C{i,2}- <^Vf,- 2^{2,3}<= ^ F2.3V^ + 2 C{i,3}<= ® Fi.^sv^ 
is a singular vector, where is a highest weight vector of the cso{5) -module of 
highest weight /i = (|; i). 

Proof. From now on, we assume that rn = (giw*) +X]i<j ^{i-j}" Observe 
that conditions (|9.4I) . (|9.5p and (|9.6p . clearly becomes 

(1) &i(/) = o, if/eB,„(„). 

(2) &i(/)+i?o(/)=0, if |/| = lor2. 

(3) Co(/)+i?i(/)=0, if/-l. 

(4) 6o(/)=0, if |/|=3,4or/ei?,„(„). 

It is possible to see that they are equivalent to the following equations in terms 
of the vectors V{i.j} and u*: 

bi(/)=0, if/ei?.o(„) : 

B,o(n) • = 0. (9.21) 



hi^a) + Boi^a) = : (1 < a < n) 
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-v, = J2 (-1)°^' PJa{v^,^a}) + E (-1)"^' p-Ana,n)' (9-22) 

j<a a<j 

for a < b: 

j<b, j^a b<j 

and for b < a: 

(9.24) 

foi(ea6)+So(ea6) =0: (a<&) 



- (-ir^'^a,(«{„H) + E(-l)''^'^-^-(w) (9-25) 

j<b, b<j 
j<a a<j, j^b 

Co(l) + .Bi(l) = : 

- EooM + E (-1)'+' Fviy{^,J})■ (9-26) 
i<j 

Finally, in the case of condition 6o(/) ~ 0, if |/| = 3,4 or / e Sso(n): we shall only 
need the following equations that are deduced from bo{^a^bCc) = 0, with a < b < c: 

= (-1)"+^ Vib.c} + i-ir^' Fa,{v[a^,y) - {-ir+' Fac{v{a,b}) (9-27) 

= (-1)"+^ v{a,c} - (-1)'+^ Fab{v^b,c}) + (-1)"+' F^HaM) (9-28) 

= (-1)'^+'' V{a,b} + (-1)'+^ Fac{vib,c]) - (-1)"+^ ^^6c(«{ax}). (9.29) 

Now, fix a < fe, by taking a linear combination of (|9.23p and (|9.24p . we obtain 

= - 2 (-1)"+" £;oo(«{a,b}) + 2 (-1)^^+^ 
j<a a<j, j^b 

and, comparing the last four summands with (I9.25p . we obtain 

FabM = (-1)"+"+! Eoo{v^a,b}) + 2 (-1)"+' v^aM- (9-30) 
On the other hand, observe that ()9.25p can be rewritten as follows (a < b) 
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= - FabM + {~ir+' Eooiv^aM) 

j<a 

~ E [i-^)'^' Fa,ivyM)+ (-l)°+'>&.Ka,,})] (9.31) 
a<j<b 

b<j 

Therefore, inserting (19^ . and in the last three summands of ([QT]) . 

we have 

FabM = (-1)"+" Eooiv{a.t}) - - 2) (-1)"+' ^'{a,6}. (9.32) 

Hence, using (|9.30p and (j9.32p . we get 

n 

and 

2 i^afc(i^*) = (n - 4) (-l)''+^+i (9.33) 
or, with some restrictions, 

V{aM - {-1)^+"+' i^,b(«,) n ^ 4. (9.34) 

Now, combining (|5.3p . (|9.2ip and (|9.34p . it easy to prove the following identities 
(1 < ^ < j < "^) 

V{2l,2j} = « «{2/-l,2j} (9.35) 

^^{2;-i,2j-i} = -« w{2/,2j-i} (9.36) 

W{2i-l,2m+l} = ^^{2i,2m+l} (9.37) 

Taking the sum over a in (|9.22l) . and using (19. 26^ . we get 

-2E (-1)^+'' F,,{v^,,^y)^2EooM, 



n 

i<j 



obtaining 



7X 



Let /X = (^; /ii, . . . , /^m) be the weight of the highest weight vector (see (|9.2ip 
and ((9738| ). Since Hi = iFu, then by (p?34l) . we have 

2 = -2i^-^^ w*. (9.39) 
(n - 4) 
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Now, considering (|9:22|) with a = 1, and using (|9?35l) . (|936l) . ([9?37| and (|9?39l) . we 
have: 

= - i Hi{vi^2) - ^ Fi^2l-l{v{lM-l}) + X! -^l,2i("{l,2/}) 
l<l<m l<l<m 

~ '^n.odd -P'l,2m+l(w{l,2m+l}) 

= -2 . . Hi{v^) + i ^ ^'i,2;-i(t'{2,2;-i}) - i ^ -F'i,2/(w{2,2/}) 

^ l<l<m l</<m 

+ *'^n,odd -P'l,2m+l(w{2,2m+l}), 

that is 

V* = -2^-^ v,+iJ2 (-1)'+' ^i,.(«{2,,})- (9.40) 

Considering (|9.23p with a ~ l,b = 2, and inserting (|9.40p and (|9.39l) on it, it is easy 
to see that 

= 2^^^(n-2)^i + (n-4), (9.41) 

obtaining ni — —1 or which is negative for ti > 5 and it is impossible for the 
highest weight of an irreducible so(n)-module, finishing the proof in this case. 

If n = 3, observe that equations (|934|) . ([9?38| . ([9?39| and (|9^ hold in this 
case, obtaining the result of the statement of this lemma. 

If n = 4, using (j9.33l) we have Va,b ~ for all a < b, obtaining a trivial singular 
vector and finishing the proof. □ 

From now on, we assume that the singular vector has the form m — ^{i}" 
and we shall use the following notation, for n — 2m oi n — 2m + 1: 

n 

= (9.42) 



m 

1=1 



E 

1=1 



{£.{21}- + ^£.{21-1}-) ®Wl + {^{21Y - ^£,{21-1}-) Wl 
^71, odd «^{2m+l}- W 

m+1 : 



that is, for 1 < / < TO 

V2l=Wl+Wl, V21-1 ^ iiwi -Wl), V2m+l=iWm+l- (9.43) 

Observe that conditions (19. 4p . (|9.5I) and (|9.6p . clearly reduce to 



(1) If 1/1 = 1, Bo(/) = 0. 

(2) If |/|=3or/eB,„(„),6o(/)=0. 



After some lengthly computations, it is possible to see that they are equivalent 
to the following equations in terms of the vectors Vi,wi,Wk- 
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Boi^a) ^ : 

= {-irEooVa~J2^-l)''FakVk. (9.44) 

ky^a 

boj^a^b^c) = 0, with g < & < c : 

= i-iy FabiVc) - i-l)'' FacM + i-irFbciVa). (9.45) 



Recall the basis of the Borel subalgebra introduced in (|5.4I) and (|5.5p . and using 
that 

term with ^[^y- in &o(Ca6) = (-l)"+''wb + Fab{va), 
term with ^{^jc in boi^a^b) = -(-l)°+^'a + FabM, 
term with ^{jjc in 6o(Ca6) = Fab{vi), I a,b, 

condition &o(/) = for / G B^„^n)i becomes for n — 2m or n — 2m + 1: 

bo{aij) — 0, with 1 < i < j < to: 

a^J{w^)^0 (9.46) 

ajj(wi) = - Wj (9.47) 

tty (wj) = Wi = ~aij{wj) (9.48) 

aij(wfe) = = Q!y (Wfe), k^i,j. (9.49) 



&o(/3ij) = 0, with 1 < ; < J < 



to: 



Aj(u'^)=0 (9.50) 

/3,j(l(Ji) = -(wj +wj) (9.51) 

I3ij{wj) =Wi ^ Pij{W]) (9.52) 

A,(?«fc) = = Aj(Wfc), ^ i, J. (9.53) 
boi'^k) — 0, with 1 < fc < TO, and n — 2m + 1, corresponds to: 

lkiwk)^0 (9.54) 

Jkiwk)=Wjn+l (9.55) 

7fe(^i'm+i) = 2 (9.56) 

7fc(w/) = = 7fc(wO, l<^<m, l^k. (9.57) 

Now, we shall impose conditions (I9.44l) - (|9.57p to get the final reduction. Recall 
notation (|5J]) and (|5?2]): 



Lemma 9.6. If n = 2m or n — 2m + 1, equation ^9.44^ is equivalent to the 
following identities (1 < j < to) 

2(i?oo + i^j)(^j)- E [^-(e,+e,)(^«0-i?(s,-s,)(W/)] (9.58) 
l<l<j 

J < / < rn 
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and 

2{Eoo ^ H,){w,) = [i?(,,+,^)(u;0-£;-(e,-e,)(«^i)] (9.59) 

i<i<j 

j<l<ni 

and for n — 2m + I we we have the additional equation 

Eoo{wm+i) = ^ [E^^{wi) - E^^^{wi)]. 

l<l<m 

Proof. It follows by a straightforward computation, by considering a linear com- 
bination of equation (I9.44p for the cases where a is 2j and 2j — 1, and replacing 
the vectors w^'s in terms of Wi^s and Wi's. The last equation follows from (|9.44l) for 
a = 2m + l. □ 

Proof of Theorem 15. il Suppose that n ~ 2m or n = 2m + 1, with m > 2. Case 
n = 3 will be considered at the end of this proof. 

Using (|9.52l) and (|9.56p . we have that Wi implies wj ^ for all i < j- Now, 
we shall show that there are only two possible cases: Wi ^ for all i, or Wi = 
for all i. Suppose that Wj ^ for some j, and let jo be the minimal index j such 
that Wj ^ 0. Then Wjg is a highest weight vector, by using (|9.48p . (|9.52p and 
(19.561) . Now, suppose 1 < Jq < m. Using (|9.43p . we have that equation (|9.45p . for 
a = 1 , b = 2 and c = 2 jo with jo > I, becomes 

= Fi,2{wjg +Wjo) ~ Fi^2jQiwi -Wi) - i F2,2joiwi -wi), (9.60) 

and for a = 1, 6 = 2 and c ~ 2 jo — 1 with jo > 1, it becomes 

0= i Fi^2{w-j„ -w.j„) + Fi^2j„-i{wi +wi) + i F2,2jQ-iiwi -wi). (9.61) 

Now, taking the linear combination (I9.6ip + i (|9.60p . and using (|9.48p together 
with (|9.52p . we have 

which is impossible for a highest weight vector. Similarly, if n is odd and jo = 
m + 1, by considering (|9.43p . we have that equation (I9.45p . with a = 1, b = 2 and 
c — 2m + 1, becomes Hi{wm+i) — ~Wm+i, getting a contradiction. Therefore, all 
WiS are zero or all of them are non-zero. 

- li Wi — Q for all i, then Wj ^ for some j . Let jo be the maximal one with this 
property. As before, observe that Wj^ is annihilated by the Borel subalgebra by 
using (|^^ . (|09l) . (|93T|) . (|935l) and (i937| . hence Wj-q is a highest weight vector. 
Now, we shall prove that jo = 1- Suppose that jo > 1, then taking the linear 
combination (j9.6ip — i (|9.60l) . and using (I9.48P together with (|9.52p . we have 

which is impossible for a highest weight vector. Therefore, in this case, the singular 
vector has the form 

m = (^{2}- -iiiiy) ®wi 
as in part (a) of the statement of this theorem. Recall that wi is a highest weight 
vector of = V{fj). It remains to find necessary and sufficient conditions on the 
highest weight ji in order to get a singular vector of this form. Observe that we 
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only have to impose (|9.44p and (|9.45p . Using Lemma ESI we obtain that it reduces 
to the foUowing conditions: 

Eqq{wi) = —Hi{Wi), and Hjiwi) = for j > 1. 

Hence fi = {—k; fc, 0, . . . , 0), finishing part (a) of this theorem. 

- If Wi ^ for all i, we should obtain part (b) of the present theorem. Using 
(|9.52p . we have Wj ^ for all 1 < j < m. It remains to prove that tUi ^ 0. If not, 
combining ()9.47p and ()9.5ip we get a contradiction. Therefore, all w^'s and Wj's are 
non-zero. Observe that w\ is annihilated by the Borel subalgebra by using (j9.46l) . 
((09ll . ((9?50l) . ((9?53| . (1934)) and (|937)) . Therefore wx is a highest weight vector of 
V = It remains to find conditions on the highest weight /i in order to get 

a singular vector of this form, and we should also show that all Wi 's and Wj 's are 
fully determined by w\. 

Let us compute /i. Using (|9.43|) . we have that equation (|9.45p . with a = 1, 6 = 
2j — 1 and c = 2j for j > 1, becomes 

= i^i,2j-i(wi + u'j) + i Fi,2j{wj ~Wj) ~ i F2j-i.2j{wi - Wl), (9.62) 

and for a — 2, b ^ 2j — 1 and c — 2j for j > 1, it becomes 

= i^2,2i-l(Wj + Wj) + i F2,2jiWj -Wj) + F2j-l,2j{wi +Wi). (9.63) 

Now, taking the linear combination (I9.62p — i (j9.63p . and using (|9.48p together 
with (|9.52p . we have 

Hj{wi)^0, forj>l. 

We have to compute Eqo{wi) and Hi{wi). Observe that equation (|9.59p . for j = 1, 
becomes 

2{Eoo - Hi){wi) ^ [£'(e,_£,)(w;) - i^(£i+e,)(W;)] + <5«,odd £^£i(Wm+l) 

l<l<m 

= ^ [ai/(w; -UJ;) +/3i;(u;; -l-W;)] +(5„,odd 7l(w^m+l) 
l</<m 

and inserting (|9.48p . (I9.52p and (|9.56p in the previous equation, we get 

Eoaiwi) = Hi{wi) + 2{m - 1) wi + (5„,odd wi- 

proving, as the statement of this theorem, that wi is a highest weight vector of the 
cso(n)-module V with highest weight 

+ 2(m - 1) + 5„ odd; /^i, 0, . . . , 0), for in G Z>o. (9.64) 

Now, we shall show that all WiS and w/s are fully determined by wi. 

Using ()9.43p . we have that equation ()9.45p . with a = 1, 6 = 2 and c = 2fc — 1 for 
A: > 1, becomes 

Q = Hi{wk -Wk) + Fi^2k-i{wi +wi) + i F2,2k-i{,wi - Wl), (9.65) 
and for a = 1, 6 = 2 and c = 2fc for fc > 1, it becomes 

^ i Hi{wk +Wk) + Fi^2k{wi +wi) + i F2^2k{wi - Wl). (9.66) 
Now, taking the linear combination (I9.65P — i (|9.66p . we have 

= 2 Hi{wk) + £;_(ei-e,)(wi) + {aik - f3ik){wi). 
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and using (|9.47p together with (|9.51|) . we obtain 

= 2 Hi{wk) + £;_(ei_efc)(^«l) + 2 Wk- 



(9.67) 



Now, by applying /Sik to (|9.67p and using (|9.52l) . it is possible to see that Hi{wk) = 
fix — 1 where was defined above as Hi(wi) = /iiWi. Therefore, from (|9.67p . we 
get 



2n 



k>l. 



(9.68) 



In a similar way, by taking the linear combination (j9.65p + i (j9.66p . we can deduce 

1 



Wk 



-E 



){wi), 



fc > 1. 



(9.69) 



In the odd case, taking (|9.45p with a = 1, & = 2 and c — 2m + 1, it is possible to 
deduce by a similar computation that 



W,n+1 = E-ei{wi). 

Ml 



(9.70) 



Considering for j = 1, and using (H^, I^Ml and we have that 



2{Eoo + H,){wi) ^ [E^(e^-eM^l) - E^ie^+eoM] 



3dd 



E^si{Wm+l) 



i<;<m 

1 



XI + '^'i^odd E^^^E^^Awi) 

. l<l<m 

Applying E(^^-^^^,-^j to the previous equation, we obtain 

{Eqo + Hi){wi) = (2(m - 2 + ^i) + (5„,odd) wi = {n - A + 2^i) wi. 
Therefore, we have 



E-iei+ei)E-(ei-eO{wi) + Sn,odd E^,,E^,,{wi) 



where C 



L l<l<m 

1 



(9.71) 



2/Ji (n-4+2;ji)- 



Hence, equations (j9.68p - (j9.7ip show that all Wi's and 
Wj's are fully determined by wi. 

Conversely, using the expressions of w,;'s and Wj's, it is possible to prove, after 
some lengthly computations, that the vector in (|9.42p satisfies equations (|9.44p - 
(j9.57p . finishing the proof of this lemma for n > 4. 

If ri = 3, all the previous equations holds except for (I9.7ip for /xi = |. More 
precisely, the same reduction holds and we have the first family of singular vectors 
nt — (C{2}<: ~ *C{i}<=) (S)Wi, where wi is a highest weight vector of weight (— fc; fc), 
but in this case fc € ^'Z>o- The second family, corresponding to Wi for all i, is 
also present. In this case, using (|9.64p . wi is a highest weight vector of the cso(3)- 
module V, with highest weight {fii + 1; /zi), but in this case ni € ^Z>o. Now, using 
(|9.70l) and (|9.7ip . we have the complete expression of the singular vector rrt, that 
is (in this case to = 1) 



W2 = E^ejwi) 

Ml 



1 



Wl 



2^1 (2/ii-l) 



(9.72) 



42 



CARINA BOYALLIAN*, VICTOR G. KAC+, AND JOSE I. LIBERATI* 



but the last equation makes sense if /ii ^ ^. Observe that in the particular case 
/ii = i, there is no singular vector of this form, because in this case the so(3)- 
module V is the 2-dimensional module corresponding to the standard s[(2) ~ so(3) 
representation, and in this case Wi must be a linear combination of wi and W2, 
which is incompatible with (|9.55p and (|9.56p . Finally observe that in the case 
//i = i, that is the weight (f ; ^) that we discarded, there is a singular vector, and 
it was found in Lemma 19.51 finishing the proof of Theorem 15.11 □ 
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